The Wilson loop in some non-commutative gauge theories is studied by using the dual string description in which the corresponding string is on the curved background with B field. For the theory in which a constant B field is turned on along the brane worldvolume the Wilson loop always shows a Coulomb phase, as studied in the previous literature. We extend the examination to the theory with a non-constant B field, which duals to the gauge theory with non-constant non-commutativity, and re-examine the theory in the presence of a nonzero B field with one leg along the brane worldvolume and other transverse to it, which duals to a non-commutative dipole theory. We find that, while the non-commutativity could modify the Coulomb type potential in IR it may produce a strong repulsive force between the quark and anti-quark if they are close enough. In particular, we show that there presents a minimum distance between the quarks and that the distance is proportional to the value of the non-commutativity, exhibiting the nature of the non-commutative theory.
Introduction
The expectation value of Wilson loop is one of the most important observations in the gauge theory. In the AdS/CFT duality [1] [2] [3] it becomes tractable to understand this highly nontrivial quantum field theory effect through a classical description of the string configuration in the AdS background. Using this AdS/CFT duality Maldacena [4] derived for the first time the expectation value of the rectangular Wilson loop operator in the dual string description by evaluating the partition function of a string whose worldsheet is bounded by a loop and along a geodesic on the AdS 5 × S 5 with endpoints on AdS 5 . It was found that the interquark potential exhibits the Coulomb type behavior expected from conformal invariance of the gauge theory.
Maldacena's computational technique has been used to the investigate the Wilson loop in various non-commutative gauge theories. First, the dual supergravity description of non-commutative gauge theory with a constant non-commutativity was constructed by
Hashimoto and Itzhakiin [5] . The corresponding string background is the curved spacetime where the constant B field is turned on along the brane worldvolume. The associated Wilson loop studied by Maldacena and Russo [6] showed that the string cannot be located near the boundary and we need to take a non-static configuration in which the quark-antiquark acquire a velocity on the non-commutative space. The result shows that the interquark potential exhibits the Coulomb type behavior as that in commutative space. In [7] Alishahiha, Oz, and Sheikh-Jabbari had found the most general dual supergravity of Dp branes in the presence of the constant B field. They calculated the interquark potential therein and showed that it has the same behavior as that in the B = 0, up to a constant which is proportional to B.
In section II we will use AdS/CFT correspondence to investigate the Wilson loop on the non-commutative gauge theory with a non-constant non-commutativity. The dual supergravity is the Melvin-Twist deformed AdS 5 × S 5 background which was first constructed by
Hashimoto and Thomas [8] . 1 The corresponding string is on the curved background where the non-constant B field is turned on along the brane worldvolume. After analyzing the Nambu-Goto action of the corresponding string configuration we will see that, while the non-commutativity could modify the Coulomb type potential in IR it may produce a strong repulsive force between the quark and anti-quark if they are close enough. In particular, we
show that there presents a minimum distance between the quarks, which is proportional to the value of the non-commutativity.
Another interesting non-commutative gauge theory is the non-commutative dipole field theory [10] [11] [12] . The dual supergravity background had been found in [13] . In [14] Alishahiha and Yavartanoo found the most general dual supergravity of Dp branes in the presence of a nonzero B field with one leg along the brane worldvolume and other transverse to it, which duals to a non-commutative dipole theory. They had investigated the associated Wilson loop and found that when the distance between quark and anti-quark is much bigger then their dipole size the energy will show a Coulomb type behavior with a small correction form the non-commutativity.
In section III the expectation value of the Wilson loop in a non-commutative dipole gauge theory, which had been derived in [14] , will be re-analyzed. The new property we found is that there is a strong repulsive force between the quark and anti-quark if they are close enough and there exists a minimum distance between the quarks.
Note that the non-commutative deformation of the Maldacena-Nunez supergravity solution [15] was constructed by Mateos et.al. [16] . By calculating the interquark potential via the Wilson loop they found that the corresponding gauge theory shows confinement in the IR and strong repulsion at closer distances. However, there does not exist a minimum distance between the quarks.
Wilson Loop in non-commutative Gauge Theory
The geometry of the Melvin-twist deformed AdS 5 × S 5 background we considered are described by [8] 
1)
From (2.1) we see that, as the spacetime AdS 5 has been deformed the original isometry group of SO(2.4), which corresponding the conformal symmetry, is broken. As discussed in [8] the supersymmetry is broken in the supergravity dual. The D3 worldvolume described by the coordinate in r, φ, z becomes non-commutative as B φz = 0. Also, as the NS-NS field B φz depends on a worldvolume coordinate r the dual non-commutative gauge theory has a space-dependent non-commutativity [8] .
Following the Maldacena's computational technique the Wilson loop of a quark anti-quark pair is calculated from a dual string. The string lies along a geodesic with endpoints on the deformed AdS 5 boundary representing the quark and anti-quark positions. The ansatz for the background string we will use is
and rest of the string position is constant in σ and τ .
As that discussed by Maldacena and Russo [6] , the string cannot be located near the boundary and we need to take a non-static configuration in which the quark-antiquark acquire a velocity on the non-commutative space. In the case with a constant non-commutativity the quark-antiquark will move along a direction with constant coordinate x = x 0 [8] . However, in our case as the NS-NS field B φz described in (2.2) depends on a worldvolume coordinate r the quark-antiquark will rotate along a constant coordinate r = r 0 with a velocity v.
The physical interpretation is somewhat analogous to the situation when a charged particle enters a region with a radius-dependent magnetic field. In this case there will have a relation between the three parameter: the radius of the circular orbit r 0 , the velocity v, and strength of the field B. The relation will be investigated in this section.
After choosing r = r 0 the Nambu-Goto action becomes 4) in which T denotes the time interval we are considering and we have set α ′ = 1. As the associated Lagrangian (L) does not explicitly depend on σ the relation (∂ σ U)
− L will be proportional to an integration constant. This implies the following relation
in which we will put the quark at place z = σ = −L/2 and the anti-quark at z = σ = L/2.
Thus at z = σ = 0 we have the relations U ≡ U 0 and ∂ σ U = 0. Note that the above relation is the leading approximation of small non-commutativity, i.e. B ≪ 1.
From the above relation we can first find the function form of
Using the above relation we have a result
For a clear illustration we show in figure 1 the function L(U 0 ) which is that by performing the numerical evaluation of (2.7) for the cases of B = 0, B = 0.05 and B = 0.3, respectively, and r 0 = 1, v = 0.8. We see that there presents a minimum distance between the quarks and that the minimum distance is proportional to the strength of the non-commutativity √ B. Figure 1 shows that there presents a minimum distance between the quarks and that the minimum distance is proportional to the strength of the space non-commutativity √ B. This property could be read from the following analyses.
Using (2.7) we can find
which is the approximation of the large U 0 , i.e. at short distance. From above result we have found a minimum distance 9) which is proportional to the strength of non-commutativity √ B. This means that the nonconstant non-commutativity in there could produce a strong repulsive force between the quark and anti-quark. Note that in a previous paper [16] Mateos et.al. had found that the non-commutative deformation has an effect to produce a strong repulsion at closer distances.
However, it does not exist a minimum distance between the quarks. 2 The quark-antiquark potential in the dual non-commutative deformation of the Maldacena-Nunez supergravity solution shows confinement in the IR [16] . However, the confinement does not be shown in the dual background (2.
1). Let us analyze the behavior in below.
First, form (2.7) we can find 10) which is the approximation of the small U 0 , i.e. at large distance. Next, using (2.6) we can evaluate the interquark potential H form the Nambu-Goto action (2.4). The formula is
which is the leading approximation of small non-commutativity, i.e. B ≪ 1. Note that as the original integration is a divergent quantity we have followed the prescription of Maldacena [4] to multiply the integration by y ǫ and subtraction the regularized mass of W-boson to find the finite result. After the calculation the potential H becomes
12)
2 The existence of a minimum distance between the quarks had been found by us in a previous paper [17] , in which the dual string are propagating on the magnetic Melvin field deformed spacetime. In this section we have found that the non-constant non-commutativity could produce a strong repulsive force between the quark and anti-quark if they are close enough and there presents a minimum distance between the quarks. This property does not show in the previous literature in which a constant non-commutativity could only modify the strength of the Coulomb force between the quarks [6, 7] . In the next section we will see that the property found in this section could also be shown in the non-commutative dipole theory.
3 Wilson Loop in non-commutative Dipole Field Theory non-commutative dipole field theory can be regarded as a generalization of ordinary field theory on a non-commutative space which is a non-local theory. To a dipole field Φ a we assign a constant dipole length ℓ a and define the "dipole product " as [10] [11] [12] 
The string theory realization of the non-commutative field theory was found in [13] and geometry is described by
2) The supergravity description of the Wilson loop on the non-commutative dipole field theory had been evaluated in [14] . Parameterizing the string configuration by τ = t, U = σ, and x 3 = x 3 (σ) it then found that the quark-antiquark distance becomes
Here we have subtracted the infinity coming from the mass of W-boson which corresponding to the string stretching to U = ∞. The analyses in [14] has found that when the distance between quark and anti-quark is much bigger then their dipole size the interquark energy will show a Coulomb type behavior with a small correction form the non-commutativity.
In this section we would like to supply an analysis to show that there exist a strong force at short distance. In the case of large U 0 , i.e. at short distance, eq.(3.4) could be approximated as
Thus there exist a minimum distance
between the quarks in the non-commutative dipole theory. In fact, performing the numerical evaluation of (3.4) we could obtain the function L(U 0 ) which is like that plotted in figure 1 . Now, using the relation (3.6) and from (3.5) we can find the interquark potential
Thus the non-commutativity in the dipole theory may produce a strong repulsive force between the quark and anti-quark if they are close enough. Eq (3.6) shows that there presents a minimum distance between the quarks and that the distance is proportional to the value of the non-commutativity, exhibiting the nature of the non-commutative theory.
Thus there presents a minimum distance L 0 between the quarks and it becomes Coulomb phase potential in IR, likes that plotted in figure 2.
Conclusion
In this paper we study the Wilson loop in the some non-commutative gauge theories by using the dual string description in which the corresponding string is on the curved background with B field. The previous literatures had studied the theory in which a constant B field is turned on along the brane worldvolume and found that the Wilson loop always shows a Coulomb phase. We have extended the examination to the theory with a non-constant B field, which duals to the gauge theory with non-constant non-commutativity and have found that, while the non-commutativity could modify the Coulomb type potential in IR it may produce a strong repulsive force between the quark and anti-quark if they are close enough.
In particular, we show that there presents a minimum distance between the quarks and that the distance is proportional to the value of the non-commutativity. We also re-examine the theory in the presence of a nonzero B field with one leg along the brane worldvolume and other transverse to it, which duals to a non-commutative dipole theory. It also find that the non-commutativity could modify the Coulomb type potential in IR and it may produce a strong repulsive force between the quark and anti-quark if they are close enough. There also exists a minimum distance between the quarks and that the distance is proportional to the value of the non-commutativity, exhibiting the nature of the non-commutative theory.
